We study the quantum dynamics of a single qubit coupled to a bath of interacting spins as a model for decoherence in solid state quantum memories. The spin bath is described by the LipkinMeshkov-Glick model and the bath spins are subjected to a transverse magnetic field. We investigate the qubit interacting via either an Ising-or an XY-type coupling term to subsets of bath spins of differing size. The large degree of symmetry of the bath allows us to find parameter regimes where the initial qubit state is revived at well defined times after the qubit preparation. These times may become independent of the bath size for large baths and thus enable faithful qubit storage even in the presence of strong coupling to a bath. We analyze a large range of parameters and identify those which are best suited for quantum memories. In general we find that a small number of links between qubit and bath spins leads to less decoherence and that systems with Ising coupling between qubit and bath spins are preferable.
I. INTRODUCTION
The transfer and storage of quantum information between different physical systems is of crucial importance to quantum communication and distributed quantum computing [1] . Experimentally quantum communication is one of the most advanced areas of quantum technology with promising commercial applications being a realistic possibility in the near future [2] . However, for its full potential to be realized over relevant distances, limitations caused by noisy transmission lines, e.g. the exponential scaling of photon losses in an optical fiber with its length, need to be overcome.
Several promising proposals to solve this problem exist. The most well studied is the use of quantum repeaters which segment the transmission line into shorter pieces [3, 4] . By applying sophisticated entanglement purification schemes and entanglement swapping at these repeater units, high-fidelity entangled pairs can be established over much larger distances than direct transmission could feasibly permit. A recent alternative method has been proposed that is based on the idea of entanglement percolation in a quantum network. Given nodes that are initially connected by partially entangled pure states [5] or mixed states [6] , schemes based on classical bond percolation have been shown to enable the creation of maximally entangled singlet states between arbitrary points in the network with a probability independent of the distance between them [7] . Both quantum repeater and percolation schemes require that quantum information is stored locally at the repeaters or nodes of the network and crucially their operation degrades in the presence of decoherence in these memories. * r.walters1@physics.ox.ac.uk
In this work we investigate the quantum dynamics of a single qubit quantum memory coupled to an environment of interacting spin-1/2 particles [8] . Such a model of decoherence has relevance for solid-state quantum memories involving the nuclear spin [9, 10] , electron spin in a semiconducting quantum dot [11] and nitrogen vacancy centers in diamond [12] . Previous studies examining the decoherence induced by spin baths have mostly considered the so-called 'central spin model' in which the qubit is coupled isotropically to all spins in the bath. Early work has analyzed the decoherence due to independent bath spins [13] [14] [15] [16] , whilst most studies since have investigated 1D models with nearest-neighbor couplings [17] [18] [19] [20] [21] [22] . The effect of an infinite-range interaction amongst bath spins has also been studied within the central spin model [23] [24] [25] [26] . However, as pointed out by Rossini et al. in Ref. [27] , the assumption of a central spin may not be valid for many physical systems. Thus, in their work [27] the authors depart from the central spin model and consider just a few links between the qubit and a 1D spin chain. Here we consider the spin bath as being described by the Lipkin-Meshkov-Glick (LMG) model (see Eq. 3), which possesses infinite-range interactions, and similarly go beyond the central spin model by examining the decoherence of a single qubit as its exposure to the spin bath is varied from coupling to just one bath spin through to interacting with all bath spins.
The LMG spin bath represents an ideal benchmark for investigating the effects of the varying qubit interactions with a non-trivial spin bath. Firstly, it possesses permutational symmetry, which can be exploited to exactly solve its dynamics numerically for very large number of spins (∼ 100-1000). This in itself is a rare property for many-body quantum systems. The large degree of symmetry in the bath also allows us to identify parameter regimes where highly non-Markovian [15] coherence prop-erties are displayed within the quantum memory. We quantify this by its rephasing time and periodic entanglement breaking, which are found to be independent of the bath size. Secondly, the LMG model has also attracted much attention [28] [29] [30] [31] [32] for exhibiting either firstor second-order equilibrium quantum phase transitions dependent on the type of intra-bath coupling. As is now well known the entanglement properties of the ground state are strongly affected at criticality [33] [34] [35] [36] and this in turn can have a profound effect on the induced decoherence of a coupled qubit [17] . We explore the effects of criticality and in a similar fashion to H. T. Quan et al. in Ref. [17] our findings point to a possible use of a coupled quantum memory as an apparatus for the dynamical measurement of a QPT through its coherence properties.
The structure of this paper is as follows. In Sec. II we introduce the model and the bath Hamiltonian, and describe the ground state properties of the bath under various parameter regimes. We also introduce the dephasing Ising interaction and dissipative XY interaction terms and discuss the measures used to quantify decoherence in our system. The results are presented in Sec. III and IV for dephasing and dissipative interactions respectively, with conclusions drawn in Sec. V.
II. THE MODEL
The model under consideration is that of a single spin-1/2 (qubit) Q interacting with a spin bath R. The purpose of the investigation is two-fold: the primary focus is to study how the interaction with the bath affects the evolution of Q, however in doing so we also use Q as a probe to study the bath dynamics across criticality. The Hamiltonian of the global system, depicted schematically in Fig. 1 is of the standard form
where H Q and H R are the free Hamiltonians of the qubit and the bath respectively, and H I is the interaction term. For the qubit we assume
where ς z is the Pauli z-operator and ω is the energy difference between the ground and excited states; we work in units with = 1. In the following subsections, we will introduce the bath Hamiltonian H R = H LMG and the two different interaction terms under consideration. Throughout this work, the subsystems Q and R will be initiated at time t = 0 in a product state, with the bath in its ground state.
A. The Lipkin-Meshkov-Glick bath to describe shape phase transitions in nuclei [37] . We note that it has since found relevance in describing the Josephson effect in two-mode Bose-Einstein condensates [38] and a dissipative implementation of it has also recently been proposed in optical cavity QED [39] . The model involves a system of N spins-1/2 mutually interacting in the x-y plane and embedded in a transverse magnetic field. The Hamiltonian is given by
where
is the collective spin operator for the direction α = x, y, z; and the σ α are the Pauli operators for spins in the bath. The quantities λ, h, and γ characterize the interaction strength between bath spins, the magnetic field strength, and the anisotropy in the xy plane, respectively. The above Hamiltonian describes an infinite-ranged XY model, with the prefactor 1/N on the first term necessary to ensure a finite free energy per spin in the thermodynamical limit. The cases γ = 1 and γ = 0 correspond to infinite-ranged XX and transverse Ising models respectively. In the following, we consider only ferromagnetic interactions λ > 0 within the bath for anisotropy values 0 ≤ γ ≤ 1.
The mutual coupling of all spins described by H LMG results in the energy eigenstates of the free bath being invariant under particle exchange. Furthermore, H LMG commutes with the total spin operator S 2 = S 2 x +S 2 y +S 2 z , and so the energy eigenstates are divided into symmetric subspaces S S defined by the spin quantum number S of S 2 and each of dimensionality 2S + 1. This symmetry vastly reduces the complexity of studies of the ground state (GS) of the bath. For ferromagnetic intra-bath couplings the GS lies in the maximal spin subspace S N/2 , and so its calculation is an eigenvalue problem scaling as just For isotropic intra-bath coupling (γ = 1) H LMG also commutes with S z and is thus diagonal in the symmetric eigenbasis spanned by Dicke states |S, M [40] (M is the quantum number for S z ). Dicke states are degenerate except for those belonging to the maximal spin subspace S N/2 . For an ensemble of N spins, Dicke states in the subspace S N/2 are entangled states except for the two spin-polarized states |N/2, N/2 and |N/2, −N/2 .
Ground state properties
The ground state of the ferromagnetic bath lies in the maximal spin subspace S N/2 for all γ and λ > 0. A meanfield approach [41, 42] predicts a second-order quantum phase transition in the thermodynamical limit at the critical point λ = h for all γ ≥ 0.
For a finite, isotropic bath there is a crossing of the lowest energy levels at λ c = hN/(N − 1). This is shown in Fig. 2(a) , where we have plotted the energies E = H LMG of the lowest levels for γ = 1. The GS is the separable, spin-polarized state |N/2, N/2 for 0 ≤ λ ≤ λ c (normal phase), and an entangled state |N/2, ⌊hN/2λ⌉ for λ > λ c (broken phase), where the function ⌊x⌉ rounds x to the nearest integer. For both phases the GS is non-degenerate for any bath size. Note that the critical point depends on h, thus the bath can be directed to either phase by setting the magnetic field strength correspondingly greater or less than the intra-bath coupling strength.
The GS of an anisotropic bath is a superposition over all Dicke states in the maximal spin subspace S N/2 , but tends to the spin-polarized state |N/2, N/2 in the limit λ → 0. The GS is non-degenerate for the normal phase, but becomes doubly degenerate in the thermodynamical limit for the broken phase. This is demonstrated in Fig. 2(b) , which shows that the energies of the lowest levels are almost identical for an anisotropic bath of just N = 30 spins. In the thermodynamical limit, the GS magnetization (per spin) in the z-direction is given by
for all γ. See Figs. 2(c) and 2(d) for the magnetization of a large but finite bath with γ = 1 and γ = 0 respectively.
Analytical calculations with a partitioned LMG bath
The high symmetry of the LMG bath allows us to easily compute exact solutions of the system dynamics for a large number of spins, since the GS can be expressed in a reduced subspace S S scaling at most as N + 1. However, this representation of the GS is limited in that we can only consider operators that are symmetric across the entire bath ensemble. Fortunately, the LMG model provides some flexibility since we can make partitions of the bath, as shown in Fig. 1 , without significantly increasing the scaling with system size, and thus can also consider non-symmetric operators. As an example, consider an operator that acts on, and is symmetric across, a total of k bath spins. We make a bipartite split of the bath into subsystems A and B with k and N − k spins respectively, and transform the original Dicke states as (5) where |s A , m A and |s B , m B are Dicke states for subsystems A and B; s A ≤ k/2; and s B ≤ (N − k)/2. We denote the tensor product space by S (5) we specify s A and s B because, in general, there are a range of allowed values these quantum numbers can take when coupling to form |S, M . However, for the case where S is maximal, which is our only concern, we have s A = k/2, s B = (N − k)/2 and s A + s B = S, reducing the Clebsch-Gordan coefficients in Eq. (5) from the general form in Ref. [43] to
are binomial coefficients. From Eqs. (5) and (6) we can construct a transformation operator that maps the subspace S N/2 to the tensor product space
We apply this transformation operator to the representations in S N/2 of both the GS and H LMG , allowing us to consider operators that are symmetric across just k spins without needing to revert to the full Hilbert space C ⊗N 2 .
B. Ising interaction
The first interaction term we consider is of the Ising type
where ǫ is the interaction strength. This commutes with the free qubit Hamiltonian (i.e. [H I , H Q ] = 0) and thus there will be no energy exchange between the qubit and the bath; the evolution will affect the off-diagonal terms of the state of Q only. The term above describes a situation involving a total of k out of N bath spins interacting with the qubit. By using the transformation operator in Eq. (7) we can vary the value of k to study any scenario from a single coupled bath spin (k = 1) to a completely coupled bath (i.e. the central spin model, k = N ), allowing us to evaluate how the evolution of the qubit changes as it is exposed to varying numbers of bath spins. We have introduced the factor 1/ √ k so as not to artificially increase the interaction strength as we increase the number of links, effectively normalizing the interaction term.
C. LMG interaction
With the second interaction we allow energy exchange between the qubit and the bath and thus introduce dissipation into the subsystem Q. A natural way of doing this is to consider the qubit interacting with the bath spins in the same way the bath spins do with each other, i.e.
The anisotropy parameter γ used here is the same as that in the LMG Hamiltonian in Eq. (3). Once again, we vary k from 1 to N in order to consider different levels of exposure of the qubit to the bath.
D. Characterizing decoherence
The main aim of this work is to characterize how the coupling to an LMG spin bath affects the decoherent evolution of the qubit Q. In the following subsections we introduce two measures that allow us to do this; namely, the average purity, and whether the induced decoherence is 'entanglement breaking'. Their calculation requires the use of an ancilla qubit and exploits the Jamiolkowski isomorphism [44] , which is detailed in appendix A. Importantly, all the information pertaining to the decoherent evolution of the single qubit is mapped via the Jamiolkowski isomorphism to a two-qubit state ρ Λ for Q and the ancilla. From ρ Λ we can ascertain if and when the evolution is entanglement breaking, and also deduce the Kraus operators for the evolution to obtain the average purity.
Average purity
We use the purity of the reduced quantum state ρ(t) of the qubit, defined as
, as a measure of its decoherent evolution in the presence of the bath. The qubit state at time t will be pure iff P (t) = 1, and mixed for P (t) < 1. We initialize the qubit in a pure state at t = 0 so that any mixing of the state, i.e. decoherence, can be observed in its subsequent evolution described by the unital map ε{ρ(0)}. In general, the purity depends on the exact details of the state at t = 0 and thus we average over all possible initial pure states |ψ to obtain the average purity. This can be achieved once the Kraus operators A i for the evolution are known via [45] 
where d = 2 is the dimension of the quantum subsystem.
Entanglement breaking
A useful property to determine environmentally induced decoherence is whether it destroys any entanglement the primary subsystem Q has with an external subsystem. The superoperator Λ (see appendix A) describing the effect of the interaction is 'entanglement breaking' [46] (not necessarily a copy of b) . Importantly, when the state ρ Λ obtained as described in appendix A is separable, the superoperator Λ will be entanglement breaking since this implies the corresponding quantum operation ε has a Kraus representation composed entirely of projectors. Separability can be determined, using the positive partial transposition (PPT) criterion [47, 48] , by computing the minimum eigenvalue µ(t) of the matrix (ρ Λ ) Ta . The induced decoherence will be entanglement breaking iff µ(t) ≥ 0.
III. RESULTS: ISING INTERACTION
In this section we present results for the single spin decoherence induced by the Ising interaction with the LMG bath spins. Before doing so, it is useful to discuss exactly how decoherence arises in this system.
Consider the qubit initially prepared in a generic superposition of its ground and excited states, such that the global state at time t = 0 is
where the coefficients a 0 and a 1 satisfy |a 0 | 2 + |a 1 | 2 = 1. The subsequent evolution under H T for times t > 0 is described by
Hamiltonians. In general, the bath evolves to different states dependent on whether the qubit was initially in the state |0 or |1 , and therefore Eq. (12) is an entangled state of the two subsystems. After tracing out the bath we obtain the reduced density matrix for the qubit (in the eigenbasis {|0 , |1 })
The relative populations of the ground and excited states of the qubit are conserved, but dephasing noise is introduced through the decoherence factor
Note that the induced decoherence is independent of ω.
The purity of the state in Eq. (13) is
where L(t) ≡ |D(t)| 2 is a real quantity taking the form of a Loschmidt Echo (LE) [49] for the bath. Unlike the purity, L(t) is independent of the initial state of the qubit, aside from the fact that it is undefined for a 0 = 0, 1. Thus, the average purity is trivially related to the LE via
By the term Loschmidt Echo we mean that L(t) quantifies the distance between the two bath states that have evolved from the GS under the two perturbed bath Hamiltonians H ± . When the distance between these states is small, the entanglement between the qubit and the bath is low and the average purity is close to one. Conversely, when the LE is zero the two time-evolved bath states are orthogonal and the qubit is maximally entangled with the bath. In such cases, the qubit undergoes total dephasing to a completely mixed state and the average purity takes its minimum value of 2/3. Also, this type of dephasing noise is entanglement breaking iff L(t) = 0 [46] .
A useful quantity to consider that will give insight into how the decoherence varies with link number k is the Fourier Transform of the decoherence factor in Eq. (15), given by The simplest case to consider first is that of a single link between the qubit and the bath. In particular, for an isotropic bath (γ = 1) the GS in the normal phase (λ < h) is the spin-polarized state |N/2, N, 2 , which is an eigenstate of both perturbed bath Hamiltonians H ± . The bath remains in the GS for the entirety of the evolution and simply induces an additional z-rotation on the initial qubit state through an angle 2ǫt, thus there is zero dephasing.
In the broken phase (λ > h) we observe a loss of qubit coherence and find that the average purity has an oscillatory behavior with time, as shown in Fig. 3(a) . For an isotropic bath, we show in appendix B that the GS in the broken phase decomposes into two terms when we move to the bipartite subspace S 
(B9) and (B10)). The resulting expression for the purity is too complicated to be given explicitly, however, we can extract the salient behavior from the form of the two propagators. The off-diagonal matrix elements of e −iH−t vary sinusoidally such that it periodically becomes equal to the identity matrix with a frequency η − = 2 λ 2 + ǫ(ǫ + 2h) that is independent of bath size N . Similarly, e −iH−t varies periodically with a frequency η + = 2 λ 2 + ǫ(ǫ − 2h). When both propagators are the identity at the same time, the LE becomes unity and there is a revival of full qubit coherence. This 'coherence time' τ c must simultaneously satisfy η − τ c = 2l − π and η + τ c = 2l + π, where l − and l + are integers. In general, we observe fast oscillations of the average purity determined by the higher frequency η − , which are contained within an envelope function that is periodic with a frequency η + . High average purities of P (t, λ) > 0.98 are obtained at times t = lτ r (l an integer), where τ r = π/η + is the approximate 'rephasing time' corresponding to the first maximum of the envelope function. This is plotted in Fig. 3(b) for various values of the interaction strength ǫ. In the limit ǫ ≪ h, the frequencies η ± are approximately equal and a full revival of qubit coherence occurs at a time τ c ∼ τ r = π/λ. For ǫ = h the rephasing time is asymptotic at λ = h, and thus its sensitivity to small changes in the magnetic field allows for an observation of criticality. However, criticality should be avoided if one wishes to use the system for storage of the qubit state so that rephasing can occur on short-time scales.
The behavior described above for the coupling to an isotropic bath is independent of bath size N . Thus, the revivals of qubit coherence are not a finite size effect and occur in the thermodynamical limit. This independence with N arises because the bath Hamiltonian takes a particularly simple form for γ = 1 that is diagonal in the eigenbasis spanned by Dicke states |S, M , ultimately restricting the evolution to just a two-dimensional subspace. As a result, the decoherence factor has a maximum of four Fourier components, as shown in Fig. 3(c) ; there is only a single component in the normal phase where no dephasing occurs. Interestingly, when we consider anisotropic baths such that the evolution utilizes the entire S (N −1)/2 subspace, we find there are still only n = 4 significant Fourier components to the decoherence factor. Significant Fourier components are those of greatest amplitude that reproduce 98% of the signal. Also, we observe a rapid convergence of the average purity to the isotropic bath result with increasing bath size. In Fig. 3(d) we have plotted the average purity across criticality at time t = 5/h for various bath anisotropies and a bath of N = 100 spins. Away from criticality, the average purity for all bath anisotropies is within 5% of the isotropic result for a bath of this size. Close to criticality the convergence is slower, and we observe oscillations in the average purity in the normal phase that disappear in the thermodynamical limit.
B. Completely connected, k = N
We now consider the opposite extreme where the qubit is coupled to all spins in the bath, i.e. the central spin model. For an isotropic bath the average purity is trivially equal to one for all λ; the interaction term commutes with the bath Hamiltonian and thus the qubit and the bath cannot become entangled. The qubit experiences a z-rotation through an angle ǫN t in addition to that of its free evolution [50] . Figure 4 (a) shows a color map of the average purity against λ and t for an anisotropic bath (γ = 0) with ǫ = 0.25h. At this low interaction strength the average purity is qualitatively similar to the single link scenario; there is almost zero dephasing in the normal phase, whilst oscillations occur within an envelope function in the broken phase. The rephasing time τ r is asymptotic at criticality but contrary to the single link scenario we find it is independent of ǫ. As would be expected for this description the Fourier Transform of the decoherence factor for low interaction strengths is qualitatively similar to that shown in Fig. 3(c) ; there is one Fourier component with a large amplitude accompanied by a few (n < 15) of smaller amplitude.
As the interaction strength is increased above ǫ = h the behavior becomes markedly different. The maxima in the average purity are suppressed and, as shown in Fig. 4(b) for ǫ = 5h, high average purities are no longer achieved on short-time scales, except in the limit λ → 0. In addition, away from the maxima the LE is close to zero indicating that the evolution is almost entanglement breaking. The Fourier Transform of the decoherence factor for ǫ = 5h, shown in Fig. 4(c) , contains a large number n of significant components but no single one of high amplitude, resulting in the suppression of the maxima. In Fig. 4(d) we have plotted n across criticality for various values of ǫ. The number of significant Fourier components increases rapidly as we move from the normal to the broken phase, and contrary to the single link scenario increases at all intra-bath coupling strengths with ǫ.
Interestingly, for any ǫ the energy spread and number of components rapidly converge to finite values with increasing bath size. Thus, although at high interaction strengths there is a decay of qubit coherence on shorttime scales, full revivals will eventually occur for any ǫ even in the thermodynamical limit, with the coherence time τ c independent of N for large baths, N 100. Finally, we note that the behavior described in this subsection is only qualitatively the same for different bath anisotropies and does not tend to the isotropic behavior in the limit γ → 1.
C. Multiple links
In the previous two subsections we have seen approximate rephasing occurs on short-time scales for any interaction strength when the qubit is connected via a single link to the bath, whilst for a completely connected qubit rephasing is suppressed at high interaction strengths. We now examine how this transition occurs as we gradually increase the number of links from the scenario k = 1 to k = N . We consider an intra-bath coupling strength of λ = 3h such that we are away from criticality and rephasing is possible on short-time scales for any link number.
In Figs. 5(a) and 5(c) we have plotted the maximum value of the average purity for rephasing within a time t ≤ 10/h, as a function of the interaction strength ǫ, and for a range of link numbers k. The bath size is N = 50. High average purities of P > 0.98 are achieved for any link number below ǫ ∼ 4h, whilst above this interaction strength a high average purity is only guaranteed for k < 3. At higher link numbers we observe the suppression of maxima up to ǫ ∼ 10h as discussed in Sec. III B for a completely connected bath. Interestingly, above ǫ = 10h the maxima in the average purity increase back towards one, with the rate of increase slowest for link numbers k ∼ 30-40. This behavior is prevalent when we consider the number of significant Fourier components n as a function of link number and interaction strength, shown in Fig.  4(b) . For a few link numbers, we have n < 10 for all ǫ allowing approximate rephasing to occur. For higher link numbers, the number of components increase with ǫ up to a maximum value at ǫ ∼ 10h, before decreasing once more at higher interaction strengths. The number of components also has a maximum at k ∼ 35 and therefore decreases with large k, but albeit is still relatively large for a completely connected qubit.
The restriction of the number of significant Fourier components can be explained by considering the form of the perturbed bath Hamiltonians H ± = H R ± 2ǫS k z / √ k. At low interaction strengths ǫ < h, the perturbing terms are small and the eigenstates of the two Hamiltonians are similar. There are approximately (k + 1)(N − k + 1) terms φ + i |φ − j that are non-zero, but only a few of these will connect to the GS and thus χ(E) will have only a few components. As the interaction strength is increased above ǫ = h, the two sets of eigenstates differ meaning that there are now (k + 1)
, each of which will be of smaller magnitude. There is a larger set of pairs of eigenstates to connect to the GS leading to many more components. When the interaction strength is increased further such that the second terms dominate in H ± , the eigenstates again become similar and the number of components asymptotically decreases to one in the limit ǫ → ∞. The maximum in the number of components with link number arises because the subspace S k k/2 ⊗S N −k (N −k)/2 is largest for k = N/2, however the maximum is skewed towards k = N so that a completely connected qubit still has a relatively large number of components compared to the case k = 1.
Finally, we note that although the maxima in the average purity depend on link number, the minima do not, as shown in figure 5(d) . The minima decrease towards, but do not reach, the minimum value of 2/3 (corresponding to an LE of zero) with increasing interaction strength and so the interaction is never formally entanglement breaking.
IV. RESULTS: LMG INTERACTION
We now present the results for the qubit interacting with the bath spins via the dissipative LMG interaction. Contrary to the Ising interaction, the relative populations of the ground and excited states of the qubit can vary in time in addition to the coherence. This means the average purity can take a minimum value of 1/2, but more significantly it is now dependent on the energy difference ω between the two levels of the qubit. In the following, we consider the scenario [51] in which the qubit is subject to an identical external field as the bath spins, thereby setting ω = h. In tests where ω was varied decoherence was suppressed in all cases as ω was increased, thus the scenario considered is in the worst-case regime.
One important consideration for the LMG interaction, in contrast to the Ising interaction, is that the induced decoherence is non-trivially dependent on the initial qubit state. This means that the purity for a given initial state can have significantly different behavior to the average purity, and indeed can be unity when the average purity is not. It is interesting in the following results that we observe the average purity oscillating away from and back to unity, indiciating universal rephasing at certain times for any given initial qubit state. The evolution is also entanglement breaking for certain periods, which is shown in the following results using the quantity µ(t) discussed in Sec. II D 2.
A. Single link, k = 1
In Fig. 6(a) we have plotted the average purity for the qubit connected via a single link to an isotropic bath (γ = 1) with an interaction strength ǫ = h. For the LMG interaction the average purity is not equal to unity in the normal phase for an isotropic bath, but instead we observe approximate revivals with a rephasing time τ r that is independent of intra-bath coupling strength λ. The rephasing time increases rapidly with interaction strength and is almost independent of bath anisotropy, as shown in Fig. 6(b) . The interaction is never entanglement breaking for any γ or ǫ in this phase.
As for the Ising interaction, we observe approximate revivals in the broken phase for all γ and ǫ. The rephasing time τ r behaves in a similar fashion to the Ising case with a single link: it is almost independent of γ; increases with interaction strength up to ǫ = h where it is asymptotic at criticality (see Fig. 6(c)) ; and decreases at higher interaction strengths. In Fig. 6(d) we have plotted the maximum value of µ(t) within a time t ≤ 10/h for various bath anisotropies. We observe that the induced decoherence is periodically entanglement breaking in time for γ > 0.1 and interaction strengths ǫ > 8h.
For the LMG interaction we again find that the average
(a) and (b), the average purity plotted against λ and t for γ = 0 and interaction strengths ǫ = h and ǫ = 5h respectively. (c) and (d), the maximum value of µ(t) within t ≤ 10/h at λ = 0.5h and λ = 3h respectively, as a function of ǫ and for various values of γ. Values above zero indicate that the evolution is entanglement breaking.
purity is independent of bath size for large N . Thus, not only would we observe revivals in the thermodynamical limit, but interestingly they will occur after periods when the induced decoherence is entanglement breaking. show the average purity, as a function of intra-bath coupling strength and time, for a completely connected qubit with γ = 0 and interaction strengths ǫ = h and ǫ = 5h respectively. For this bath anistropy there is a decay of the average purity in the normal phase even at low interaction strengths. Note that the decay also occurs at λ = 0 for which the bath spins do not interact with each other, and extends across criticality into the broken phase at high interaction strengths ǫ h. Rephasing only occurs on short-time scales in the limit γ → 1, with the rephasing time τ r independent of bath size for large baths, N 100. The interaction is now entanglement breaking in this phase on short-time scales except in the limit γ → 1, as shown in Fig. 7(c) .
Approximate revivals occur in the broken phase away from criticality with a frequency much greater than that of the corresponding single link scenarios. Contrary to the Ising case, the rephasing time τ r increases with interaction strength and converges less rapidly towards a finite value with increasing bath size. Therefore, the rephasing time can only be considered independent of bath size for very large baths, N 1000. ment breaking on short-time scales for all γ above ǫ ∼ 6h in this phase. However, at higher interaction strengths this is no longer the case; for γ = 0 the decoherence is not entanglement breaking for ǫ > 23h (see Fig. 8(d) ).
C. Multiple links
As was the case for the Ising interaction, for the dissipative LMG interaction we observe a change in the qubit's behavior as we move from a single link to fully connected to the bath. In this subsection we discuss how this transition occurs as we vary the link number k for γ = 0. For this bath anisotropy approximate rephasing occurs on short-time scales in both phases for a single link, but is suppressed in the normal phase for k = N . Also, the decoherence is never entanglement breaking for k = 1 with γ = 0, but is at high interaction strengths for k = N . We consider intra-bath coupling strengths away from criticality of λ = 0.5h for the normal phase and λ = 3h for the broken phase.
Figures 8(a) and 8(b) show the maximum value of the average purity for rephasing within t ≤ 10/h with a bath of N = 50 spins. Both figures are qualitatively similar to Fig. 5(a) for the Ising interaction; approximate rephasing occurs for a single link at any interaction strength, whilst the maxima in the average purity are suppressed at high interaction strengths for greater link numbers. In the broken phase, high average purities of P > 0.98 are achieved for any link number below ǫ ∼ 4h, whilst in the normal phase this isn't the case and there is an immediate decay of the average purity above ǫ = 0 for k = 1. As for the Ising interaction, the suppression of maxima is reduced as the interaction strength is further increased, with the rate of increase slowest for link numbers k ∼ 30-40. This suggests that our analysis discussed in Sec. III C, where the induced decoherence was limited by the size of the subspace required to describe the partitioned bath states, has a broader applicability than the Ising interaction alone. Rephasing depends on the number of significant Fourier components for, in this case, the average purity. This quantity is reduced in the limits ǫ ≪ h and ǫ ≫ h for which the interaction term is a small perturbation on the bath Hamiltonian and vice versa respectively.
In Figs. 8(c) and 8(d) we have plotted the maximum value of µ(t) within t ≤ 10/h for the normal and broken phases respectively. In the normal phase entanglement breaking occurs for k = 1 at interaction strengths ǫ > 0.8h, whilst in the broken phase the induced decoherence is entanglement breaking for k = 1 within the range h < ǫ < 23h. It is only the case of coupling via a single link that the qubit is immune to entanglement breaking within the period t ≤ 10/h.
V. CONCLUSIONS
To summarize, we have investigated the quantum evolution of a single qubit coupled to a Lipkin-MeshkovGlick bath as a model for decoherence in solid state quantum memories. The bath, which exhibited a second-order quantum phase transition, was highly symmetric and allowed for exact calculations of the system dynamics for large system sizes, N ∼ 100 spins. Further, partitioning of the bath was possible without significantly increasing the computational complexity, which allowed us to determine the effect of increasing exposure of the qubit to the bath spins. Decoherence of the qubit was quantified using the average purity and determining if and when the evolution destroys any entanglement the qubit may have with an external subsystem.
For the qubit interacting via an Ising interaction with just a few bath spins, we observed zero dephasing in the normal phase and almost complete revivals of qubit coherence in the broken phase. The rephasing time, which was sensitive to criticality in the bath, was independent of bath size for large baths and thus faithful qubit storage would be possible in the thermodynamical limit. In general, as the number of links was increased the revivals in the purity were suppressed, which was discussed in terms of the number of components in the Fourier Transform of the decoherence factor. Decoherence was suppressed by the restrictive size of the subspace required to describe the partitioned bath states, which was smallest for just a few links. Further, it is likely that revivals were observed in certain scenarios, even in the thermodynamical limit, because the symmetry of the bath constrained the dynamics to a subspace whose dimension grows only linearly with system size. Such revivals could possibly occur in other systems possessing exchange symmetry that are not as easily amenable to analysis as the LMG model. However, they may be difficult to observe experimentally due to a potential lack of the required bath symmetry in real samples.
In contrast to the Ising interaction, for the dissipative XY-type (LMG) interaction between the qubit and the bath, decoherence was dependent on the energy difference between the two levels of the qubit and additionally was observed in both bath phases. Revivals were found to occur for certain parameter regimes and just a few links between the qubit and the bath. These were once again suppressed as the link number was increased, broadening our analytical discussion for the case of the Ising interaction in terms of the restrictive size of the bath's Hilbert space. Interestingly, the revivals occurred after periods when the evolution was entanglement breaking, indicating a constant transfer of quantum information back and forth between the qubit and bath. Our results were based on a worst-case regime in which the qubit was subjected to an identical transverse field to the bath and in general was found to be less robust against decoherence than the Ising interaction. Thus, systems with Ising interactions coupling only to a small neighborhood of the environment would perform better as quantum memories.
Although an elegant description, calculating the final state in the above way is often computationally difficult due to the large size of the total Hilbert space. We can instead express Eq. (A1) explicitly in terms of the principal subsystem's Hilbert space H by
where the A i , which act on H, are known as Kraus operators and d is the dimension of H. Once the Kraus operators are known for a particular type of evolution, one can easily obtain the final state of the open subsystem given any initial state. Importantly, the Kraus operators reveal the nature of the noise induced by the coupling to the environment. For a unital map, which is always the case for the noise described by the coupling to an environment, the Kraus operators satisfy i A i A † i = 1 1. An equivalent description of the evolution in Eq. (A2) can be made in terms of a superoperator Λ. To explain this more fully, consider the Hilbert space H spanned by basis states {|i | i = 0, · · · , d − 1}. We can expand any density operator ρ for the system in the operator basis {|i j| | i, j = 0, · · · , d − 1}, with its corresponding matrix elements ρ ij contained in a d 2 -dimensional vector. The superoperator Λ can then be described by a d 2 × d 
Note that Λ can be inferred from the Kraus operators and vice versa via
The Jamiolkowski isomorphism [44] exploits an initial setup of two copies of the principal subsystem, such that the subsequent evolution transfers all the information about Λ to the final quantum state. The two copies a and b are prepared in the maximally entangled state |Ψ + = 
Thus, using the Jamiolkowski isomorphism, it is sufficient to calculate ρ Λ to determine the superoperator Λ, and then trivially the Kraus operators A i , for any quantum operation ε(ρ).
The GS of an isotropic, ferromagnetically coupled bath is the Dicke state |N/2, M , where M = N/2, ⌊hN/2λ⌉ in the normal and broken phases respectively. For N ≫ 1 the latter can be approximated as M = hN/2λ. When we partition the bath into a single and N − 1 spins the Dicke state |N/2, M decomposes into two terms 
where the Clebsch-Gordon coefficients are given by 
For N ≫ 1, the latter two quantities become
By firstly diagonalizing the matrix representation of H − in Eq. (B3), we can find a similar representation for e −iH−t in this basis, given by e −iH−t = e −i(α+1)ht η − η − cos (η − t/2) + 2i(h + ǫ) sin (η − t/2) −2iβh sin (η − t/2) −2iβh sin (η − t/2) η − cos (η − t/2) − 2i(h + ǫ) sin (η − t/2) ,
where η − = 2 λ 2 + ǫ(ǫ + 2h). Similarly, for e −iH+t we obtain e −iH+t = e −i(α+1)ht η + η + cos (η + t/2) + 2i(h − ǫ) sin (η + t/2) −2iβh sin (η + t/2) −2iβh sin (η + t/2) η + cos (η + t/2) − 2i(h − ǫ) sin (η + t/2) , The resulting expression for the LE is complicated and need not be written here explicitly. Importantly, we can see revivals of full qubit coherence occur at times t = lτ c that satisfy both η − τ c = 2l − π and η + τ c = 2l + π, where l, l − and l + are all integers; at these times the matrices in Eq. (B9) and Eq. (B10) are both equal to the identity.
In the limit ǫ ≪ h the two frequencies are approximately equal and the coherence time is τ c = π/λ.
